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COMMENT 

A comment on the solutions of the equation V x a = ka 

V K Varadan, A Lakhtakia and V V Varadan 
The Center for the Engineering of Electronic and Acoustic Materials and Department of 
Engineering Science and Mechanics, The Pennsylvania State University, University Park, 
PA 16802, USA 

Received 29 September 1986 

Abstract. It is pointed out here that solenoidal solutions of the equation 0 x a = ka exist 
in magnetoelectric media, in which case a must be identified as a linear combination of 
the electric and the magnetic fields. 

In two recent communications, Salingaros (1986a, b) has claimed that the solutions of 
the equation 

V x a = k a  (1) 

do  not correspond to physical magnetic fields, despite their widespread use in both 
plasma physics and astrophysics as force-free magnetic fields. This conclusion is based 
upon the transformation properties of this equation under (i) gauge transformations, 
(ii) parity and (iii) change of basis. Issue, however, with this conclusion has been 
taken by Maheswaran (1986) who has shown that a non-vanishing magnetic field which 
must satisfy Maxwell’s equations everywhere can satisfy the force-free condition ( 1) 
in some restricted domain. 

Without commenting on the merits of the two sides of this controversy regarding 
force-free magnetic fields, we wish to point out here that solenoidal solutions of 
equation (1) exist and are very physical when dealing with magnetoelectric media. 
However, in that case, a must be identified as a linear combination of the electric and 
the magnetic fields. 

Consider a region V occupied by an isotropic magnetoelectric medium in which 
the usual constitutive relations D = EE and B = F H  do not hold, due to their incom- 
patibilty with the handedness of the medium. Instead, the relations 

D = E E + ( Y E V  x E B = ~ H + P F V X H  (2)  

hold (e.g., Bohren and Huffman 1983). Use is now made of the usual Maxwell’s 
equations, along with equation ( 2 ) ,  to obtain the differential relations 

where the matrix 
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and an exp[-jwt] time dependence has been assumed. The electromagnetic field is 
now transformed to 

where the left- and right-circularly polarised fields, aL and U , ,  respectively, must satisfy 
the vector Helmholtz equation: 

{ V 2 +  k t } a L  = 0 { V ’ + k ~ } a R = O  (6% b )  

VxaL=kLaL V . a L = O  (7% 6 )  

v x = - k R a R  v * (8% b )  

along with the auxiliary conditions 

In these equations, the matrix 

4q  (9) 

while 

kL= k( 1 - k 2 a p ) - ’ { [ 1  + ( a  -p)’k2/4]’”+ (CY + P ) k / 2 }  ( loa)  

k R = k ( l -  k ’ ~ ~ ) - ’ { [ 1 + ( ~ - ~ ) 2 k 2 / 4 ] ” 2 - ( c u - t P ) k / 2 }  ( l o b )  

j W & A R  = k ~ (  1 - k ‘ a p )  + k2a (10c) 

( 1 0 d )  
the real parts of both kL and k ,  being positive. 

Thus it has been shown that solenoidal solutions aL and aR of equation (1) exist 
which satisfy Maxwell’s equations in magnetoelectric media. Physically, these solutions 
represent circularly polarised fields of different helicities and are specific linear combi- 
nations of the electric and  the magnetic fields (see equation ( 5 ) ) .  

jWpAL = kL(  1 - k ’ a p )  - k 2 p  

References 

Bohren C F and Huffman D R 1983 Absorprion and Scarrering ofLight bj, Small Particles ( N e w  York: Wiley) 
Maheswaran M 1986 J .  Phj.5. A :  Math.  Gen. 19 L761-2 
Salingaros N A 1986a J.  Phys. A: Math. Gen. 19 L101-4 
- 1986b J.  Phys. A :  Math.  Gen.  19 L705-8, 


